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1 Introduction and Preliminaries

There are a number of generalizations of Banach contraction principle. One such generalization is given
by S.B.Presic [9] in 1965.

Let f : Xk → X, where k ≥ 1 is a positive integer. A point x∗ ∈ X is called a fixed point of f if
x∗ = f(x∗, x∗, · · · , x∗). Consider the k−order non linear difference equation

xn+1 = f(xn−k+1, xn−k+2, · · · , xn) for n = k − 1, k, k + 1, (1.1)

with the initial values x0, x1, x2, · · · , xk−1 ∈ X.
Equation (1.1) can be studied by means of fixed point theory in view of the fact that x ∈ X is a

solution of (1.1) if and only if x is a fixed point of f . One of the most important results in this direction
is obtained by Presic [9] in the following way. Throughout this paper,let N denote the set of all positive
integers.

Theorem 1.1. ([9]) Let (X, d) be a complete metric space, k a positive integer and f : Xk → X. Suppose
that

d(f(x1, x2, · · · , xk), f(x2, x3, · · · , xk+1)) ≤
k∑
i=1

qi d(xi, xi+1)

holds for all x1, x2, · · · , xk, xk+1 ∈ X, where qi ≥ 0 and
k∑
i=1

qi ∈ [0, 1). Then f has a unique fixed point

x∗. Moreover, for any arbitrary points x1, x2, · · · , xk+1 in X, the sequence {xn} defined by xn+k =
f(xn, xn+1, · · · , xn+k−1), for all n ∈ N converges to x∗.

Later Ciric and Presic [6] generalized the above theorem as follows.

Theorem 1.2. ([6]). Let (X, d) be a complete metric space, k a positive integer and f : Xk → X. Suppose
that

d(f(x1, x2, · · · , xk), f(x2, x3, · · · , xk+1)) ≤ λmax{d(xi, xi+1) : 1 ≤ i ≤ k}

holds for all x1, x2, · · · , xk, xk+1 in X, where λ ∈ [0, 1). Then f has a fixed point x∗ ∈ X. Moreover, for
any arbitrary points x1, x2, · · · , xk+1 in X, the sequence {xn} defined by xn+k = f(xn, xn+1, · · · , xn+k−1),
for all n ∈ N converges to x∗. Moreover, if d(f(u, u, · · · , u), f(v, v, · · · , v)) < d(u, v) holds for all u, v ∈ X
with u 6= v, then x∗ is the unique fixed point of f .

Recently Rao et al.[4,5] obtained some Presic type theorems for two and three maps in metric spaces.
Now we give the following definition of [4,5].
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Definition 1.3. Let X be a non empty set and T : X2k → X and f : X → X.The pair (f, T ) is
said to be 2k-weakly compatible if f(T (x, x, ..., x, x)) = T (fx, fx, ..., fx, fx) whenever x ∈ X such that
fx = T (x, x, ..., x, x).

Using this definition, Rao et al. [4] proved the following

Theorem 1.4. ([4]). Let (X, d) be a metric space, k a positive integer and S, T : X2k → X, f : X → X
be mappings satisfying:

(1.4.1) d(S(x1, x2, · · · , x2k), T (x2, x3, · · · , x2k+1)) ≤ λ max
1≤i≤2k

{d(fxi, fxi+1)} for all x1, x2, · · · , x2k, x2k+1

in X,
(1.4.2) d(T (y1, y2, · · · , y2k), S(y2, y3, · · · , y2k+1)) ≤ λ max

1≤i≤2k
{d(fyi, fyi+1)} for all y1, y2, · · · , y2k, y2k+1

in X, where 0 < λ < 1
(1.4.3) d(S(u, · · · , u), T (v, · · · , v)) < d(fu, fv), for all u, v ∈ X with u 6= v
(1.4.4) Suppose that f(X) is complete and either (f, S) or (f, T ) is a 2k− weakly compatible pair.

Then there exists a unique point p ∈ X such that fp = p = S(p, · · · , p) = T (p, · · · , p).

Recently Murthy and Rashmi [8] defined the following function

Definition 1.5. Let φ : [0, 1] −→ [0, 1] be such that:

(i) φ is increasing and continuous function in each variable,
(ii) φ(t, t, t, ...., t) ≥ t for all t ∈ [0, 1].

Using this function,Murthy and Rashmi [8] extended Theorem 1.4 to fuzzy metric spaces as follows.

Theorem 1.6. ([8]) Let (X,M, ∗)be a fuzzy metric space and S, T : X2k → X, f : X → X be mappings
satisfying for each positive integer k, 0 < q < 1

2 and t ∈ [0,∞):

(1.6.1) M(S(x1, x2, ..., x2k−1, x2k), T (x2, x3, ..., x2k, x2k+1), qt) ≥ φ(M(fx1, fx2, t), · · · ,M(fx2k, fx2k+1, t))
for all x1, x2, ..., x2k+1 ∈ X,

(1.6.2) M(T (y1, y2, ..., y2k−1, y2k), S(y2, y3, ..., y2k, y2k+1), qt) ≥ φ(M(fy1, fy2, t), · · · ,M(fy2k, fy2k+1, t))
for all y1, y2, ..., y2k+1 ∈ X,

(1.6.3) M(S(u, u, ..., u, u), T (v, v, ..., v, v), qt) > M(fu, fv, t)
for all u, v ∈ X with u 6= v.

Suppose that f(X) is complete and either (f, S) or (f, T ) is 2k-weakly compatible pair.
Then there exists a unique p ∈ X such that p = fp = S(p, p, ..., p, p) = T (p, p, ..., p, p).

In this paper, we obtain a Presic type theorem for four mappings satisfying a slight different contractive
condition in fuzzy metric spaces. We also give an example and two corollaries to our main theorem.

First we recall some basic definitions and lemmas which play crucial roles in the theory of fuzzy metric
spaces.

Definition 1.7. ([2]). A binary operation ∗ : [0, 1]× [0, 1] −→ [0, 1] is a continuous t-norm if it satisfies
the following conditions:

1. ∗ is associative and commutative,
2. ∗ is continuous,
3. a ∗ 1 = a for all a ∈ [0, 1],
4. a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, for each a, b, c, d ∈ [0, 1].

Two typical examples of a continuous t-norm are a ∗ b = ab and a ∗ b = min{a, b}.

Definition 1.8. ([1]). A 3-tuple (X,M, ∗) is called a fuzzy metric space if X is an arbitrary (non-empty)
set, ∗ is a continuous t-norm and M is a fuzzy set on X2 × (0,∞), satisfying the following conditions for
each x, y, z ∈ X and t, s > 0,

(M1) M(x, y, t) > 0,
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(M2) M(x, y, t) = 1 if and only if x = y,
(M3) M(x, y, t) = M(y, x, t),
(M4) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(M5) M(x, y, .) : (0,∞) −→ [0, 1] is continuous.

Let (X,M, ∗) be a fuzzy metric space. For t > 0, the open ball B(x, r, t) with center x ∈ X and radius
0 < r < 1 is defined by B(x, r, t) = {y ∈ X : M(x, y, t) > 1− r}.

If (X,M, ∗) is a fuzzy metric space, let τ be the set of all A ⊂ X with x ∈ A if and only if there exist
t > 0 and 0 < r < 1 such that B(x, r, t) ⊂ A. Then τ is a topology on X (induced by the fuzzy metric
M). This topology is Hausdorff and first countable.

A sequence {xn} in X converges to x if and only if M(xn, x, t)→ 1 as n→∞, for each t > 0. It is
called a Cauchy sequence in the sense of [7] if lim

n→∞
M(xn, xn+p, t) = 1, for all t > 0 and each positive

integer p. The fuzzy metric space (X,M, ∗) is said to be complete if every Cauchy sequence is convergent.

Example 1.9. Let X = [0, 1] and a∗b = ab for all a, b ∈ [0, 1] and letM be the fuzzy set on X×X×(0,∞)
defined by M(x, y, t) = e−

|x−y|
t for all t > 0.Then (X,M, ∗) is a fuzzy metric space.

Lemma 1.10. ([7]). Let (X,M, ∗) be a fuzzy metric space. Then M(x, y, t) is non-decreasing with respect
to t, for all x, y ∈ X.

Definition 1.11. ([3]). Let (X,M, ∗) be a fuzzy metric space.Then M is said to be continuous on
X2×(0,∞) if lim

n→∞
M(xn, yn, tn) = M(x, y, t), whenever a sequence {(xn, yn, tn)} in X2×(0,∞) converges

to a point (x, y, t) ∈ X2 × (0,∞).i.e. lim
n→∞

M(xn, x, t) = lim
n→∞

M(yn, y, t) = 1 and lim
n→∞

M(x, y, tn) =
M(x, y, t).

Lemma 1.12. ([3]). Let (X,M, ∗) be a fuzzy metric space. Then M is a continuous function on
X2 × (0,∞).

Now we state the condition (A): lim
t→∞

M(x, y, t) = 1 for all x, y ∈ X.
We observed that in the proof of Theorem 1.6, the authors Murthy and Rashmi [8] inherently used

the condition(A).
Now we introduce the definition of jointly 2k-weakly compatible pairs as follows.

Definition 1.13. Let X be a nonempty set, k a positive integer and S, T : X2k → X and f, g : X → X.
The pairs (f, S) and (g, T ) are said to be jointly 2k-weakly compatible if

f(S(x, x, ..., x)) = S(fx, fx, ..., fx)

and
g(T (x, x, ..., x)) = T (gx, gx, ..., gx)

whenever there exists x ∈ X such that fx = S(x, x, ..., x) and gx = T (x, x, ..., x).

Now we give our main theorem.

2 Main Result

Throughout this section assume φ as in Definition 1.5

Theorem 2.1. Let (X,M, ∗) be a fuzzy metric space with the condition (A), k a positive integer and
S, T : X2k −→ X and f, g : X −→ X be mappings satisfying:

(2.1.1) S(X2k) ⊆ g(X), T (X2k) ⊆ f(X),

(2.1.2) M(S(x1, x2, ..., x2k), T (y1, y2, ..., y2k), qt) ≥ φ


M(gx1, fy1, t),M(fx2, gy2, t),
M(gx3, fy3, t),M(fx4, gy4, t),

...
M(gx2k−1, fy2k−1, t),M(fx2k, gy2k, t)


∀x1, x2, ..., x2k, y1, y2, .., y2k ∈ X,∀t > 0, 0 < q < 1,
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(2.1.3) (f, S) and (g, T ) are jointly 2k-weakly compatible pairs.
(2.1.4) Suppose z = fu = gu for some u ∈ X whenever there exists a sequence

{y2k+n}∞n=1 in X such that lim
n→∞

y2k+n = z ∈ X.

Then z is the unique point in X such that z = fz = gz = S(z, z, .., z, z) = T (z, z, ..., z, z).

Proof. Suppose x1, x2, ..., x2k are arbitrary points in X. From (2.1.1),we define

y2k+2n−1 = S(x2n−1, x2n, ..., x2k+2n−2) = gx2k+2n−1

y2k+2n = T (x2n, x2n+1, ..., x2k+2n−1) = fx2k+2n

for n = 1, 2, ....
Let α2n = M(fx2n, gx2n+1, qt) and α2n−1 = M(gx2n−1, fx2n, qt) for n = 1, 2, ...
Put θ = 1

q and µ = min{θ 1+√α1
1−√α1

, θ2 1+√α2
1−√α2

, ..., θ2k 1+√α2k

1−√α2k
}.Then θ > 1.

By the selection of µ, we have

αn ≥
(
µ− θn

µ+ θn

)2
for n = 1, 2, ..., 2k (1)

Consider

α2k+1 = M(gx2k+1, fx2k+2, qt)
= M(S(x1, x2, ..., x2k−1, x2k), T (x2, x3, ..., x2k, x2k+1), qt)
≥ φ(M(gx1, fx2, t),M(fx2, gx3, t), ...,M(fx2k, gx2k+1, t))
≥ φ(α1, α2, ..., α2k−1, α2k) , since M(x, y, .) and φ are increasing

≥ φ

((
µ− θ
µ+ θ

)2
,

(
µ− θ2

µ+ θ2

)2

, ...,

(
µ− θ2k

µ+ θ2k

)2)
from (1)

≥ φ

((
µ− θ2k

µ+ θ2k

)2

,

(
µ− θ2k

µ+ θ2k

)2

, ...,

(
µ− θ2k

µ+ θ2k

)2)

≥
(
µ− θ2k

µ+ θ2k

)2

, since φ (t, t,..., t) ≥ t

≥
(
µ− θ2k+1

µ+ θ2k+1

)2

.

Thus

α2k+1 ≥
(
µ− θ2k+1

µ+ θ2k+1

)2

(2)

Also

α2k+2 = M(fx2k+2, gx2k+3, qt)
= M(S(x3, x4, x5, x6, ..., x2k+1, x2k+2), T (x2, x3, x4, x5, ..., x2k, x2k+1), qt)
≥ φ(M(gx3, fx2, t),M(fx4, gx3, t), ..., ,M(fx2k+2, gx2k+1, t))
≥ φ(α2, α3, α4, α5, ..., α2k, α2k+1)

≥ φ

((
µ− θ2

µ+ θ2

)2

,

(
µ− θ3

µ+ θ3

)2

, ...,

(
µ− θ2k

µ+ θ2k

)2

,

(
µ− θ2k+1

µ+ θ2k+1

)2)

≥ φ

((
µ− θ2k+1

µ+ θ2k+1

)2

,

(
µ− θ2k+1

µ+ θ2k+1

)2

, ...,

(
µ− θ2k+1

µ+ θ2k+1

)2)

≥
(
µ− θ2k+1

µ+ θ2k+1

)2

≥
(
µ− θ2k+2

µ+ θ2k+2

)2

.

146 Advances in Analysis, Vol. 2, No. 3, July 2017

AAN Copyright © 2017 Isaac Scientific Publishing



Thus

α2k+2 ≥
(
µ− θ2k+2

µ+ θ2k+2

)2

(3)

Continuing in this way,we have

αn ≥
(
µ− θn

µ+ θn

)2
, n = 1, 2, 3... (4)

Now consider

M (y2k+2n−1, y2k+2n, t) ≥M (y2k+2n−1, y2k+2n, qt) , since q < 1 and M(x, y, .) is increasing

= M

(
S (x2n−1, x2n, x2n+1, ...x2k+2n−3, x2k+2n−2) ,
T (x2n, x2n+1, x2n+2, ...x2k+2n−2, x2k+2n−1) , qt

)

≥ φ


M(gx2n−1, fx2n, t),M(fx2n, gx2n+1, t),
M(gx2n+1, fx2n+2, t),M(fx2n+2, gx2n+3, t),
......................................................,
M(gx2k+2n−3, fx2k+2n−2, t),M(fx2k+2n−2, gx2k+2n−1, t)


≥ φ (α2n−1, α2n, α2n+1, ..., α2k+2n−3, α2k+2n−2) , since φ and M are increasing

≥ φ

((
µ− θ2n−1

µ+ θ2n−1

)2

,

(
µ− θ2n

µ+ θ2n

)2

, ...,

(
µ− θ2k+2n−2

µ+ θ2k+2n−2

)2)
from (4)

≥ φ

((
µ− θ2k+2n−2

µ+ θ2k+2n−2

)2

,

(
µ− θ2k+2n−2

µ+ θ2k+2n−2

)2

, ...,

(
µ− θ2k+2n−2

µ+ θ2k+2n−2

)2)

≥
(
µ− θ2k+2n−2

µ+ θ2k+2n−2

)2

≥
(
µ− θ2k+2n−1

µ+ θ2k+2n−1

)2

.

Thus

M(y2k+2n−1, y2k+2n, t) ≥
(
µ− θ2k+2n−1

µ+ θ2k+2n−1

)2

(5)

Also

M (y2k+2n, y2k+2n+1, t) ≥M (y2k+2n, y2k+2n+1, qt) , since q < 1 and φ is increasing

= M

(
S (x2n+1, x2n+2, x2n+3, ..., x2k+2n−1, x2k+2n) ,
T (x2n, x2n+1, x2n+2, ..., x2k+2n−2, x2k+2n−1) , qt

)
,

≥ φ


M(gx2n+1, fx2n, t),M(fx2n+2, gx2n+1, t),
M(gx2n+3, fx2n+2, t),M(fx2n+4, gx2n+3, t),
......................................................,
M(gx2k+2n−1, fx2k+2n−2, t),M(fx2k+2n, gx2k+2n−1, t)


≥ φ (α2n, α2n+1, ..., α2k+2n−2, α2k+2n−1)

≥ φ

((
µ− θ2n

µ+ θ2n

)2

,

(
µ− θ2n+1

µ+ θ2n+1

)2

, ...,

(
µ− θ2k+2n−1

µ+ θ2k+2n−1

)2)
from (4)

≥ φ

((
µ− θ2k+2n−1

µ+ θ2k+2n−1

)2

,

(
µ− θ2k+2n−1

µ+ θ2k+2n−1

)2

, ...,

(
µ− θ2k+2n−1

µ+ θ2k+2n−1

)2)

≥
(
µ− θ2k+2n−1

µ+ θ2k+2n−1

)2

, since φ(t, t, t, ..., t) ≥ t

≥
(
µ− θ2k+2n

µ+ θ2k+2n

)2

.
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Thus

M (y2k+2n, y2k+2n+1, t) ≥
(
µ− θ2k+2n

µ+ θ2k+2n

)2

(6)

Hence from (5) and (6)we have

M (y2k+n, y2k+n+1, t) ≥
(
µ− θ2k+n

µ+ θ2k+n

)2

for n = 1, 2, ... (7)

Now for n, p ∈ N , we have

M(y2k+n, y2k+n+p, t) ≥M(y2k+n, y2k+n+1,
t

p
) ∗M(y2k+n+1, y2k+n+2,

t

p
) ∗ ... ∗M

(
y2k+n+p−1, y2k+n+p,

t

p

)
≥
(
µ− θ2k+n

µ+ θ2k+n

)2

∗
(
µ− θ2k+n+1

µ+ θ2k+n+1

)2

∗ .... ∗
(
µ− θ2k+n+p−1

µ+ θ2k+n+p−1

)2

, from (7)

→ 1 ∗ 1 ∗ 1 ∗ .... ∗ 1 as n →∞
= 1.

Hence {y2k+n} is a Cauchy sequence in X.
Since X is complete,there exists z ∈ X such that y2k+n → z as n→∞.
From(2.1.4),there exists u ∈ X such that

z = fu = gu (8)
Now consider

M (S (u, u, ..., u, u) , y2k+2n, qt) = M (S (u, u, ..., u, u) , T (x2n, x2n+1, ..., x2n+2k−2, x2n+2k−1) , qt)

≥ φ

M (gu, fx2n, t) ,M (fu, gx2n+1, t) ,
.............................................,
M (gu, fx2n+2k−2, t) ,M (fu, gx2k+2n−1, t)

 .

Letting n→∞ and using (8),we get

M(S(u, u, , ..., u, u), fu, qt) ≥ φ(1, 1, ..., 1, 1) ≥ 1

which implies that
S(u, u, ..., u, u) = fu (9)

Similarly we can prove that
T (u, u, ..., u, u) = gu (10)

Since (f, S) and (g, T ) are jointly 2k-weakly compatible pairs, we have

fz = f(fu) = f(S(u, u, ..., u)) = S(fu, fu, ..., fu) = S(z, z, ..., z) (11)

and also
gz = T (z, z, ..., z, z) (12)

Now consider

M(fz, z, qt) = M(S(z, z, ..., z, z), T (u, u, ..., u, u), qt), from (11), (8), (10)

≥ φ


M(gz, fu, t),M(fz, gu, t),
M(gz, fu, t),M(fz, gu, t),
.......................................
M(gz, fu, t),M(fz, gu, t)



≥ φ


min {M(gz, z, t),M(fz, z, t)} ,
min {M (gz, z, t) ,M (fz, z, t)} ,
.....................................................
min {M (gz, z, t) ,M (fz, z, t)}


≥ min {M (gz, z, t) ,M (fz, z, t)} .
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Thus
M (fz, z, qt) ≥ min {M (gz, z, t) ,M (fz, z, t)} (13)

Similarly,we can show that

M (gz, z, qt) ≥ min {M (z, fz, t) ,M (z, gz, t)} (14)

Thus from (13)and (14),we have

min{M(fz, z, qt),M(gz, z, qt)} ≥ min{M(z, fz, t),M(z, gz, t)}

which inturn yields from condition(A) that

z = fz and z = gz (15)

From (11),(12)and (15),we have

z = fz = gz = S(z, z, ..., z) = T (z, z, ..., z) (16)

Suppose there exists z′ ∈ X such that

z′ = fz′ = gz′ = S(z′, z′, ..., z′, z′) = T (z′, z′, ..., z′, z′)

Then from (2.1.2) we have

M(z, z′, qt) = M(S(z, z, ..., z, z), T (z′, z′, ..., z′, z′), qt)

≥ φ


M (gz, fz′, t) ,M (fz, gz′, t) ,
M (gz, fz′, t) ,M (fz, gz′, t) ,
.......................................
M (gz, fz′, t) ,M (fz, gz′, t)


= φ (M(z, z′, t),M(z, z′, t), ...,M(z, z′, t))
≥M(z, z′, t)

From the condition(A), we have z′ = z.
Thus z is the unique point in X satisfying (16).

Now we give an example to illustrate our main Theorem 2.1.

Example 2.2. Let X = [0, 1], a ∗ b = ab,M(x, y, t) = e−
|x−y|

t and k = 1.Define φ : [0, 1]2 → [0, 1] as
φ(x1, x2) = min{x1, x2}.Let S, T : X2 → X and f, g : X → X be defined as S(x, y) = 3x2+2y

72 , T (x, y) =
2x+3y2

72 , fx = x
6 and gx = x2

4 . Now for x1, x2, y1, y2 ∈ X,we have

|S(x1, x2)− T (y1, y2)| = | 3x
2
1+2x2
72 − 2y1+3y2

2
72 |

= 1
72 |3x

2
1 − 2y1 + 2x2 − 3y2

2 |
≤ 1

36 max{|3x2
1 − 2y1|, |2x2 − 3y2

2 |}.

Now, we have

M(S(x1, x2), T (y1, y2), 1
3 t) = e

− |S(x1,x2)−T (y1,y2)|
1
3 t

≥ e
− 1

36
max{|3x2

1−2y1|,|2x2−3y2
2|}

t
3

= e−
max{|3x2

1−2y1|,|2x2−3y2
2|}

12t

= e−
max{|

x2
1

4 −
y1
6 |,|

x2
6 −

y2
2

4 |}
t

≥ min
{
e−
|

x2
1

4 −
y1
6 |

t , e−
| x2

6 −
y2

2
4 |

t

}
= min{M(gx1, fy1, t),M(fx2, gy2, t)}
= φ(M(gx1, fy1, t),M(fx2, gy2, t).

Thus (2.1.2) is satisfied with q = 1
3 .

One can easily verify the remaining conditions of Theorem 2.1. Clearly 0 is the unique point in X satisfying
(16).
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Corollary 2.3. Let (X,M, ∗) be fuzzy metric space with the condition (A) and S, T : X2k → X and
f : X → X be mappings satisfying:

(2.3.1) S(X2k) ⊆ f(X), T (X2k) ⊆ f(X),
(2.3.2) M(S(x1, x2, ..., x2k), T (y1, y2, ..., y2k), qt) ≥ φ (M(fx1, fy1, t),M(fx2, fy2, t), ...,M (fx2k, fy2k, t))

∀x1, x2, ..., x2k, y1, y2, ..., y2k ∈ X,∀t > 0 and 0 < q < 1,
(2.3.3) f(X) is a complete subspace of X.
(2.3.4) Either (f, S) or (f, T ) is a 2k-weakly compatible pair. Then there exists a unique u ∈ Xsuch that

u = fu = S(u, u, ..., u, u) = T (u, u, ..., u, u).

Corollary 2.4. Let (X,M, ∗) be a complete fuzzy metric space with the condition(A) and S, T : X2k → X
be mappings satisfying:

(2.4.1) M(S(x1, x2, ..., x2k), T (y1, y2, ..., y2k), qt) ≥ φ (M (x1, y1, t) ,M (x2, y2, t) , ...,M (x2k, y2k, t))
∀x1, x2, ..., x2k, y1, y2, ..., y2k ∈ X,∀t > 0 and 0 < q < 1.

Then there exists a unique u ∈ Xsuch that u = S(u, u, ..., u) = T (u, u, ..., u).
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