Journal of Advances in Applied Mathematics, Vol. 3, No.2, April 2018
50 https://dx.doi.org/10.22606 /jaam.2018.32002

Uniform Attractor for A Non-autonomous Parabolic Equation
with Nonlocal Diffusion and Delay

Miaomiao Wang, Weiwei Chang and Xiaojun Li"

School of Science, Hohai University, Nanjing, Jiangsu 210098, China
Email: 1ixjun05@mailsvr.hhu.edu.cn

Abstract This paper is devoted to study the long-time behavior of non-autonomous parabolic
equation with nonlocal diffusion and hereditary effect, where time symbol is translation bound in
L7 (R; H™1(£2)) and L}, (R; L?(2)), respectively. By the energy estimates and asymptotic priori
estimates of solutions, we obtain the existence and regularity of uniform attractor for the family of
processes corresponding to original systems, respectively.
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1 Introduction

Consider the following non-autonomous parabolic equation with nonlocal diffusion and delay effect

% —a(l(u)bu = f(u) + g(ue) + h(t) in 2 x(1,00),

u=0 on 082 x (1,00),
u(z,7+s)=p(x,s) z€N,s€[-k0,TER,

(1.1)

where 2 C RY is a bounded domain, f € C(R),a € C(R,R") is locally Lipschitz, and there exist positive
constants m, M such that
0<m<a(s) <M, VseR. (1.2)

In addition, g is an operator satisfying some assumption which will be given below, the time-dependent
force term h belongs to L (R; H~1(£2)) and L} (R; L%(2)), respectively, and ¢ belonging to C([—F, 0];
L?(£2)) is the initial data, where k > 0 is the length of the delay effect. For each t > 7 , we denote by u;
the function defined on [—k,0]: u(s) = u(t + s), s € [k, 0].

In recent decades, the evolutionary equations with nonlocal diffusion and delay effect have been
intensively studied because of their wide applications in Physics, Biology, Chemistry and many other fields.
For example, in the semiconductor equations, the presence of the nonlocal term a = a(l(u)) can be used
to describe the rate of diffusion of thermodynamics which depends on the nonlocal number (see,e.g.,[1,2]).
In Biological equation, as an example of a spatial nonlocal feature, the velocity of migration ¥ =aVu
depends on the global population in a certain subdomain (see [3]). In addition, evolution equations with
delay also have lots of applications. For example, time delay in the infectious disease model is represented
as the incubation period of the disease in the crowd (see [4]). There are many mathematic research about
the nonlocal and delay problem, see,e.g., [5-11].

In this paper, we study the dynamics of the non-autonomous evolution equation (1.1) with nonlocal
diffusion and delay. When a(s) =1 or g(s) = 0 for all s belonging to R, the pullback attractor of (1.1)
was established in [10] and [7], respectively. Here, we establish the existence of uniform attractor for (1.1).
When the uniform attractor exists, it includes the union of pullback attractor. The standard method in
obtaining uniform attractor is of constructing skew-product flow. This method involves parameter spaces
and requires that symbol is translation compact (see [12]). When the time symbol is only translation
bounded, by the methods in [13,14], we establish the existence of uniform attractor for (1.1) in Cp2 and
Crr, respectively.
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Let [ € (L?(£2)). We make some assumptions on nonlinearity f. Suppose that there exist positive
constant aq,asg,c1, ¥, and p > 2 such that

—c1 —a1|s]? < f(s)s <1 —agls|’, Vs eR, (1.3)

(f(s) = f(r)(s—r) <l(s—7r)* VrscR. (1.4)
From (1.3), we deduce that there exists co > 0 such that

I£(s)] < ca(|sP~t +1), VseR. (1.5)

Let .
F(s) = /0 F(r)dr.

From(1.3) we get that there exist positive constants aj,a and ¢ such that
—c1—ay|s|P < F(s) < ¢ —aslslP, VseR. (1.6)

For the operator g, we assume that g: Cr2 — L%(£2) satisfies

1) 9(0)=0,
(IT) there exists Ly > 0 such that for all ¢ € R and &,n € Cp2,it holds

19(6) = g(m)| < Lyl§ = nlc,.,

where L, < mAq, A is the first eigenvalue of —A in H}(2).

As usual, we denote by (-,-) and | - | the scalar product and norm in L2({2) , respectively; the norm
in LP(£2) is written as || - ||»(s2); and we denote the inner product in Hg(£2) by ((-,-)) = (V-, V), with
the associated norm || - ||. We also denote by Crr the Banach space C([—k,0]; L?(£2)),p > 2, equipped
with the sup-norm, i.e., for any element u € Cpr, its norm is defined by |ju|c,, = ten[na]sco] lw(t)||e. The

)

duality between LP({2) and its dual L(f2) ,where ¢ = p/(p —1)(1 < p < 00), is also denoted by (-, ), and
the duality between H}(§2) and its dual H~1(£2) is written as (-,-) , and we denote by | - ||« the norm in
H=1(0).

The paper is organized as follows: In the next section, we establish the well-posedness of (1.1) and
recall some fundamental results on existence of uniform attractor; in Section 3, we show the existence of
uniform attractor for (1.1) in Cp2; in Section 4, we show the existence of uniform attractor for (1.1) in
Cry.

2 Preliminaries

The aim of this section is to give the existence of solution for (1.1) and recall some results on the
theory of uniform attractors.

Definition 2.1. A weak solution to (1.1) with initial datum ¢ € Cpr2 and u(t) = ¢(t — 7) for all
t € [t — k,7] is a function u € C([r — k, 00]; L?(£2)) such that u € L?(r,T; HE(£2)) N LP(,T; LP(§2)) for
all T > 7, and for all v € H(£2) N LP(2), it satisfies

d

27 (w(®),0) + a(l(u(®))((u(t), v)) = (f(u(t),v) + (9(ur),v) + (A(t),v), Vv € HyNLP(2).  (2.1)

Remark 2.1. Observe that if u is a weak solution to (1.1),then it satisfies the energy equality

u(t)® + 2/ a(l(u(r))) lu(r)||Pdr = |u(s)* + 2/ [(f (u(r)), u(r)) + (g(ur), u(r))
+ (h(r),u(r))]dr, (2.2)

forall T < s <t.
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Next result gives the well-posedness of the system (1.1), the idea of the proof is close to that in [7,10].

Theorem 2.1. Assume that the function a is locally lipschitz and satisfies (1.2), f € C(R) fulfills
(1.8)-(1.4), h € L} (R, H™1(2)),1 € (L*(2)), g satisfies (I)-(III), and ¢ € Cyp2 is given. Then there
exists a unique weak solution u(-) = u(:; 7, ) to (1.1).

Consider the following abstract non-autonomous evolution equation
Oru = Ag(p) (u), teR, (2.3)

where A,y : 1 — Eg,s € R, is the evolutionary operator, Ey and F; are Banach spaces, the o(s), s € R,
is a time-dependent function parameter which is called time symbol. The function value of o(s) belongs
to some metric space (or Banach space) =, i.e., for Vs e R | o(s) € =.

We impose the initial value to (2.3):

Ulpmr = Ur,ur € E, (2.4)

here E is a Banach space and satisfies E; C E C FEy. Assume that for every o(s) € X', where ¥’ C Z is a
parameter set, and for u, € E, there exists a unique solution for (2.3)-(2.4) . As a result, the solution of
(2.3)-(2.4) can be described as a two-parameter family of operators:

u(t) =Uy(t, T)ur, ur € ENNt > 71,0 =0(t) € X, t,7 € R.

Definition 2.2. The two-parameter family of mappings {U, (¢, 7),t > 7,7 € R}, 0 € X, acting in the
Banach space E is said to be a family of processes with time symbol o € X' if for each o € X,

Us(t,7): E—-E, t>7,TER,
and satisfies the following multiplicative properties:
Uy(t,8)Us(s,7) =Uy(t,7), Vt>s>7,7TER,

Uy (71, 7) = Id is the identity operator, T € R.

Note that the following translation identity is valid for the family of process U, (t,7), o € X, generated
by a problem, which is uniquely solvable, and for the translation semigroup {T'(h) : h > 0} :

Us(t+h, 7+ h) =Uprmn)e(t,7),Yo € ;t > 7,7 € R,h > 0.

{U,(t,7)} is said to be weakly continuous in (E x X, E), if for each t > 7,7 € R, (u,0) — U,(t,7) is a
weakly continuous map from E x X' to E. Denote by B(FE) the set of all bounded subsets of E.
Definition 2.3. A set By C FE is said to be a uniformly (w.r.t. ¢ € X') absorbing set for {U,(¢,7)},0 €
X, if for any 7 € R, B € B(E), there exists to = to(7, B) > 7 such that |,y Uy (¢, 7)B C By for all
t>to.
A set P belonging to E is said to be uniformly (w.rt. o € X) attracting set for the family of
processes U, (t,7),0 € X, if for an arbitrary fixed 7 € R and any B € B(E),

ceX

lim sup distg(Us(t,7)B,P) =0,

t—o0 cey

where distg(X,Y) denotes the Hausdorfl semi-distance for X and Y in E.

Definition 2.4. A closed set Ay C F is said to be the uniform attractor of a family of processes
{U,(t,7)} if it is uniformly (w.r.t. o € X) attracting (attracting property ) and it is contained in any
closed uniformly (w.r.t. o € X) attracting set A’ of family of processes {U,(t,7)},0 € ¥ : Ay C A’
(minimal property ).

The wuniformly (w.rt. o € X) w-limit set w, x(B) of B is defined by w, x(B) = () B, where

t>1
Bt = Upex Uss: Us(5,7)B. {Uy(t,7)},0 € X, is said to be w-limit compact, if for any B € B(E), it

holds lim K (B;) = 0, where K is the Kuratowski measure of non-compactness .
n—oo
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Theorem 2.2.1'3] Let ¥ be a subset of some Banach space, and let T(t) be a continuous invariant
(T(t)X = X)) semigroup on X satisfying the translation identity. A family of processes {U,(t,7)},0 € X,
possesses a compact uniform (w.r.t.c € X) attractor Ax satisfying

AE = UJO,E(B()) = wT7E(Bo),VT c R,

if and only if it

(i) has a bounded uniformly (w.r.t.c € X) absorbing set By; and

(i) is a uniformly (w.r.t.c € X) w-limit compact.

Moreover, if X is the weakly compact set in =, the family of process {U,(t,7)}, 0 € X, with {T'(h)}n>0
is (E x X, E) weakly continuous and satisfies (i)- (ii), then Ax, satisfies

As = As, = wo x(Bo) = U Ks(0).

oexy

Here Xy is the weak closure of X, K,(0) is the section att =0 of kernel K, of {U,(t,7)} with symbol
oceX.

We also need the following results.

Theorem 2.3.1'Y Assume that p > q > 1 and 2 C R™ is bounded. Let {U,(t,7)},0 € X, be a family
processes on LP(§2) and Li(12), and satisfying the following conditions:

(i) {Us(t,7)} is a uniform (w.rt. o € X) w-limit compact in LI(§2);

(i) {Us(t,7)} has a bounded absorbing set By in LP(§2);

(i) for any & > 0 and any bounded subset B C LP(2), there exist positive constants M = M (e, B)
and T =T(e, B) such that

/ |Us(t, T)u-|? < e for any ur € Byand t > T,o € X.
2(|Us (t,m)ur|>M)

Then {U,(t,7)},0 € X has a compact uniform (w.r.t.oc € X) attractor in LP({2).

3 Existence of Uniform Attractor in Cp2

Lemma 3.1. Assume that the function a is locally lipschitz and satisfies (1.2), f € C(R) fulfills
(1.3)-(1.4), h € L} (R; H-1(£2)), g satisfies (I)-(II), and ¢ € Cr2. Then the weak solution of (1.1)
continuously depends on the initial data.

Proof. Let u = u(u-;7,¢1) and v = (v-;7,¢2) be two solutions of (1.1) with respect to initial
conditions (u,, 1) and (v,, ha), respectively. Denote by w = u — v with w(r) = u(7) — v(7), then from
energy equality (2.2) we have

5 37w @F + al@@))llw ()]
= [a(l(v(®))) = al(w(®)]((v(t), w(t)) + (f (u(t)) — f(v(t)), w(t)) (3:1)
+ (g(ue) — g(ve), w(t))+ < hi(t) — ho(t),w(t) >, a.e. t > 7.
Using (1.2),(1.4),(IT) and the local lipschitz property of a , it yields
L @)+ mlw ) < Lo(R @) O] ()] 5

+w(t)]* + Lglw()]* + 7 (8) = ha@®) | g [lw(®)]],

where L, (R) is the lipschitz constant of the function a in [—R, R]. Thanks to the Young inequality, we
get that

L) < [ LRIPI@I + 20w +2Lofwl + =)~ ba@) . (33)

Copyright © 2018 Isaac Scientific Publishing JAAM



54 Journal of Advances in Applied Mathematics, Vol. 3, No.2, April 2018

Thus, we deduce that
t
L L2(R)i2||v 20]ds 1
[w(t)? < e FEAEEIEI 20ds T|2+/ (—l1ha(s) = ha(s)l[3-s + 2LghwsP)ds).  (3.4)
In particular, we get that
L L2(R)I2||u(s)]|2+2€)ds 1 ¢
lwile,, < o LI +20 [|wT|2+E||h1—h2\|%lzoc(R;H_1)+2Lg/ |ws &, ds]. (3.5)

By Gronwall’s inequality from (3.5) we get that

¢ 2 V(s S 1
wrloys el REDEIMITAS 124 i (5) — ha(9) 25 )

L L2 (R)2Z|v(s) |12 +20)ds
2p(t—ryed
x(1+e ™) ),

which implies that result. O
We know from Theorem 2.1 that the solution of (1.1) can be represented by Uy (t, 7)) with initial
datum ¢ belonging to C([—k,0]; L?(£2)) and time symbol h belonging to L? (R; H=(£2)), Un(t,7) :
Cr2 — Cr2,t > 1
Un(t, 7)p = ut, (3.6)

where u(-) = u(+; 7, ) is the weak solution to (1.1), and by lemma 3.1, the process {Uy (¢, 7)} is continuous
in OLZ .
Suppose that

t+1
172 m-1(2)) = sup/ |h)|2ds < +oo.
teR Jt

For fixed symbol hy € L2(R; H-1(2)), let & = [T()ho(0),v € R =)

n [12], we can obtain that

. From proposition V.4.2

172 m-1(2)) < llhollL2em-1(2)), YR € 2. (3.7)

Lemma 3.2. Under the assumptions of Lemma 3.1, the family of processes {Up(t,T)}, h € X, possesses
a uniform (w.r.t. h € X) absorbing set By in Cpe.
Proof. From (1.1), we get that

;thU( 1 = (a(l(u()) A u(t), u(t)) = (f(u(t)), u(t)) + (9(ur), u(t)) + (h(t), u(t)). (3.8)

Using (1.2)-(1.4),(II) and the Young inequality, we obtain that
d
W@+ 2(m = w)l|u@)* + 2as][u(@)17,
1
< 2¢1|92] + 2Lglutle,, [u(®)] + ﬂHh(t)Hf (3.9)

1
< 201|02] + 2Ly w3, + ﬂl\h(t)lli,

where 0 < u < m — L

Dropping the thlrd term on the left-hand side of (3.9), and using the Poincaré inequality and Gronwall’s
inequality, we can obtain that
Ju(®)]? <[u(r)Pe2m A EmT)

t
ol . 1 (3.10)
+/T e 2m=mN (=9 (3¢, |0 + 2Lg|us|? +Z||h(s)\\f)ds
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From the above inequality ,we get that
2(m—p)\ 2 2(m—p) 17 2
e2(m—p) lt|ut|cL2 <e2(m=p)x |UT|CL2

! 2(m—p)Ais 2 1 2 (311)
—l—/T e 12261 |92| + 2Lglus e, —l—ﬂHh(S)H*)ds

Using the Gronwall’s inequality again, we get that, for any bounded set B C Cp2, there exists T3 =
T1(B) > 0 such that

t
—[2(m— - —T —[2(m— - —s 1
jul, , < emBm-mM=2LlET )y g2 +/T o~ [2(m—p) A1 —2L,](¢ >(201|g|+ﬂuh(s)||2)ds

s alel__ 1r
<e 2[(m—p)A1—Lg](¢ )|uT|%L2 + m + Q,u[ - ||h(8)||id8
g _

t— t—

2
+ e~ [2(m=p)A1—2Lg] / |h(s)||?ds + - - -]

t—2

1
Is)|2ds + e Bm-mh- Lol [
t—3
(3.12)
—o[(m—p) A —Ly)(t—7) |, |2 a2 1 1
<e g |UT|CL2 + (m — p)A, — L, + 2 X 1 — e—2l(m—p)Ai—Ly,]

X Hh0||ig(R;H—l(Q))

Cl‘g| 1 1 2
22X |+ — h -
<N =T, T2 T et ol o)

22 V>T4T
Denote by By = Bc,, (0, p), then {Up(t,7)}, h € ¥, has a bound uniformly (w.r.t. h € X) absorbing set
By, O
Denote By = |J U Un(7 + Ty, 7) By, where Ty > 0 is the uniform absorbing time of By, namely,
heX TeR
U Un(r 4+ Tp,7)Bog C Bp. Then By is also the bounded uniform absorbing set.
heX
Lemma 3.3. Under the assumptions of lemma 3.1, the family of processes {Up(t,7)},h € X, is

uniformly (w.rt. h € X) w-limit compact.

Proof. Denote Uy, (tn, 7)0" = u"(tn, T, hn, ") = u"(-), where ¢" = ul . In order to prove the
family of processes {Uy,, (tn,7)}, by € X, is uniformly (w.r.t. h, € X)) w-limit compact in Cr2, we need
to verify that for any sequence {u? } C By, {h,} C ¥ and {t,} C R, the process Uy, (tn, T)ul — u(t)
in Cr2 as n — oo.

Since {uﬁn} C B and by lemma 3.2, we know that there ny > 1, for any fixed T' > k,n > nq, it holds

lu'|c, <pPvterTt+T),n>ny,7€ER. (3.13)

If we denote y"(t) = u™(t + 1) for all t € [0,T], we have that {y"},>,, is uniformly bounded in
L (0, T; L*(£2)). Moreover, for each n > ny, let h be replaced by

h(t,)=h(t+7), Vte(0,T),7€R.

Then by lemma 3.2 and (3.9), we have
|y;’}|CL2 < p27

and )
2(m - :u’)”yn”LQ(&T;HOl(Q)) =+ 2a2||yn||ip(()7T;LP(Q)
C
< 2¢1|Q|T +2Lgp* + ﬂ”houif(R;H*I(Q))’ vz ny.
As a consequence, {y"}, >y, is uniformly bounded in L2(0,T; H}(£2)) N LP(0,T; LP(£2)). By (1.3), we
know { f(y") }n>n, is uniformly bounded in L9(0, T'; L9({2)), where %4—% = 1, and by fact that — A is isomet-
ric isomorphism from Hg(£2) to H~1(£2), we get that {(y™)’} is uniformly bounded in L?(0,T; H=1(£2)) +
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L%(0,T; L((2)). Then by applying the Aubin-Lions lemma (see, e.g.,Theorem 8.1 in [15]), there exists
y € L2(0,T; H-1(02)) N LP(0,T; LP(£2)) N C([0,T); L?(£2)) and y' € L2(0,T; H=1(£2)) + L4(0,T; L(12))
such that there exists a subsequence of {y™},>n, (relabeled the same) and x € L(0,T; L9(2)) such that
y" 2y weakly — star in L°°(0,T; L*(12)),

y" =y weakly in LP(0,T; LP(S2)),

y" — 1y weakly in L*(0,T; Hi(£2)),

y" =y strongly in L*(0,T; L*(2)), (3.14)
(y™) — 1y  weakly in L*(0,T; H*(2)) + L9(0,T; LY (12)),

fy™) =X weakly in LI(0,T; LI(12)),

a(l(y™)) — a(l(y)) weakly in L*(0,T; Hy($2)).

Similar to the proof of Theorem 8.4 in [15], we can get that f(y) = X. Since {y™},>n, is bounded in
C([0,T]; L*(£2)), we deduce that for any sequence s,, C [0,7] with s, — s., one has

y"(sn) = y(s.) weakly in L*(£2). (3.15)
On the other hand, from (I),(II), and (3.13) we have
¢
/ lg(y™)? < Ci(t —s) YO<s<t<T,n>n, (3.16)

where C; > 0 is independent of n. This implies that there exists & € L2(0,T; L2(£2)) such that

g(y™) — & weakly in L*(0,T; L*(£2)), (3.17)
and therefore,
/t E(r)Pdr < Ci(t—s) YO<s<t<T. (3.18)
s
Hence, from above convergence we may deduce that y is the unique weak solution of the equation
ou ~
i a(l(u))Au = f(u) + &+ h(t), (3.19)

and satisfies u(0) = y(0).
Using the energy equality, (3.16),(3.18) and the Young inequality, we can get the estimate

1 I
SR < SRR + (i +aaleDt -9+ 5 [ Il vr<r<s<t

1
2 2m)\1

where z equals to y™ or y.
Now we define the functions

1) = L oP - G - - / () |2dr
nt =5l omA om J. <A
X . B (3.20)
_ =+ 2 1 - 2
IO = Sl ~ (g + a2t 5 / ()| 2dr.

It follows that these maps J,, and J are continuous and non-increasing from[r, T| — R. Furthermore, we
can obtain from (3.14) that
Jo(t) = J(t) a.ete (0,7T). (3.21)

If we prove that for any § > 0

y" —y strong in C([5,T]; L*(2)), (3.22)
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then we will get that {Up, (t,,7)} is relatively compact in Cpe.
Suppose that there exists 0 < 6. < T, e, > 0, and sequence {y™} C {y" }n>ny, tm € [0+, T'] such that

[y (tm) — y(te)| > €y Y > 1. (3.23)
First, we note that
[y(t) 1< Jim inf | 4™ () | (3.24)

By (3.14), we get that for ¢,,, C [d«,T], there holds

Hm Jy (tn) = J (). (3.25)

n—oo

Fix € > 0. Since J is continuous and non-increasing on [0, 7], we get that there exists k() > 1 such that

By(3.25) we get that there exists n(e) > 1, for m > n

—~

g), there holds

‘Jn(tm) - J(tm)| <

Then, since all J,, are non-increasing, we deduce that for all m > m(e) = max{k(e),n(e)},

Jn(tn) - J(t*) < Jn(tm) - J(t*)
< |Jn(tm) - J(t*)|
<N (tm) = J (@) + [T (Em) — T (E))]
<e, Vm>m(e).

Since € > 0 is arbitrary, we conclude that

3 <
o sup [ ()| < (8,
which implies that
Jimsup Jy™ (b)] < ()

From this inequality and (3.14)and (3.15), we have that y™(¢,,) — y(¢.) strongly in C2, which is contradict
with (3,23). This completes the proof. |

By Lemma 3.1-3.3 and applying Theorem 2.2, we obtain the following result:

Theorem 3.4. Assume that [ satisfies (1.3)-(1.4) and g satisfies (I)-(II), and h € X. Then there
exists a compact uniform (w.r.t,h € X) attractor for the family of processes Uy(t,7),h € X, in Cpe.
Moreover, it holds

A= wo,5(Bo) = wr,s(Bo) = | Kn(s), VseR,
hex

where By is the bound uniformly (w.r.t. h € X) absorbing set in Crz and K,(s) is the section at t = s of
kernel IC,,.

4 Existence of Uniform Attractor in Crp

Let h(t) be translation bounded in L?

loc

(R; L2(2)), i.e.,

t+1
||h||L§(1R;L2(g)) = iuﬂg/ |h(s)|?ds < +oc. (4.1)
€ t
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Denote by

I ={Tw)ho(t),v € R} Ligs (®L? (9))7

the closure of the set {T'(v)ho(t), v € R} in the topology of L>“(R; L2(£2)). As the proof of lemma 3.2,

loc
we have

Lemma 4.1. Under the assumption of lemma 3.1, the family of process {Up(t,7)},h € X1 has a
uniformly absorbing set in Cprp, p > 2, that is, for any bounded set B C Cp2, there exists a positive
constant p, and to = to(r, B) > 7 such that

ULt T)ur|lcpe < pp, for any t > to,u, € B,h € Xy.

Proof. Multiplying (1.1) by |u[P~2u and integrating by parts, using (1.2)-(1.3) and (I)-(II), we get

that
Sty + =D [ 190t o + g [ jupr-2as

§01|Q|+/ g(ut)|u|p_2udx+/ h(t)|u|P~2udx
o 7

(4.2)
<l + Llule,s [ [~ do+ [ [hOlPida
(93 2
< arll+ S L2 lul?,, + o hOP +as [ s
- 201 9 L2 2011 9] ’
which yields
d |Q| 2 2 p 2
%”UHZ) < plal|2]+ EL9|Ut|CL2) + E\h(tﬂ : (4.3)
By (3.9), we get that for any w, € Bj, there holds
t 1 T4+1
[ Il < el + 2L+ 0+ g [ (o)
o doop J; (4.4)

1 C
E[QCQLQ‘ + (2Lg + 1)/)2] —+ @|h0|%§(R;L2(Q)), Vi S R.

Therefore, using uniform Gronwall Lemma (see, e.g., Lemma III 1.1 in [16]), it follows from (4.3)-(4.4)
that

C2 2Lg +1 p‘.Q| 2 p c
Ju@®)|7, < (672 +P01)|9|+(W T“)P +(E+@)‘hO‘L§(R;L2(Q))7VtGRv (4.5)
which implies that
2L, +1  p|02] D C
el 0 g P 2 (P ihol e
HUHCLp —( +p01)| |+ (—— 203 + 90 )p +(2a1 4a2/¢)| 0|L’;’(R,L2(m) (4.6)

é@,wzﬂhezy
The proof is completed. O
Definition 4.1. A function ¢ € L? .(R; E) is said to be normal, if for any ¢ > 0 there exists n >

such that sup j;t—m lell%ds < e.
teR
Denote by L2(R; E) the set of all normal functions in L7,
L2(R; E).
Lemma 4.2.' [f oy € L2(R; E), then for any 7 € R,

(R; E). It is easy to see that L2(R; E) C

t
lim sup/ e 79 ()| 2ds = 0

Y—+00 >
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uniformly w.r.t. ¢ € H(po), where H(po) = {po(t + h)|h € R}.

Theorem 4.3. If h is normal in L}, (R; L*(12)), a is locally lipschitz and satisfies (1.2), f € C(R)
satisfies (1.8)-(1.4) and g satisfies (I)-(II), then the family of processes corresponding to problem (1.1)
possess a compact uniform (w.r.t. h € X1) attractor A = w, x,(B2) in Crr, p > 2, which uniformly
(w.r.t. h € X4) attracts every bounded set in Cpz2 in the norm of Cpre, where By is a bounded uniformly
(w.r.t. h € X1) absorbing set in Cpp.

Proof. By lemma 4.1, we know that {Ux(¢,7)} processes a uniform absorbing set By in Cr». Now

let us verify that {Up(¢,7)} is a uniform w—limit compact in Cpr. Let

u—M, u>M,

(“_M)+:{0 w< M.

For any fixed h € Y1, multiplying (1.1) by |(u — M), |[P~! and using (1.2), we have

1d _
L= Mg+ mlp = 1) [ (V0= M) Pl = M) 2o
p 2

(4.7)
< [ s M ptde [ gl Mo+ [ o0 - 17 e
2 2 (7]
Set 21 = 2(u(t) > M), we have
1d P 2 p—2
——(w—=M)L[[f+mp—1) [ [V(u— M) "|(u— M) [P dx
pdt o}
(4.8)
< | fw(u—M)""de +/ g(ue)(u — M)P " dax + / ha(t)(u — M2 da.
2 2 2,
By(1.3),we can take M large enough such that
f(u) < —aslulP~in 21 (4.9)
Therefore, we get that
1d 2 p—2
ggll(u— M)y +mp—1) [ |V(u—M)L[*(u— M) dx
= (4.10)
+ az/ P~ (u — M)E " da < / g(ue)(u — M)P " dx + / h(t)(u — M)P " da.
2 2 (51
Since
[ st - a0t < [ Lofude,(u- My
“ L2020 (4.11)
< ZoP P %/ — M)~
= s + 4 o, (’U, )+ df,
and )
/ h(t)(uw— MY 'de < — [ |h(t)Pdz+ 22 | (u— M) 2da. (4.12)
2, a2 Jo, 4 2,
It follows from (4.10)-(4.12) that
1d as _ S, Lt /
——|l(u— M) |E+ = Py — M My < 2 — h(t)|?dz. 4.1
pdtll(u )+||p+2/IIUI (u—M){ de < o Qll()\ x (4.13)

Since u > M in (2¢, there holds
u[P~2(u = M)y < |ulP~1.
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Thus,

d pasMP~—? / L2p*|lal p
—l(uw = M) ||P + —=—— — MP lde < p—2———— —/’ht%. 4.14
ﬁwu )+ 5+ 5 mKu Vildr <p @ +QZQJ()Ix (4.14)

Therefore, by Gronwall’s inequality, we get that

L2 2 Q t
= M)L )2 < I = M)s (D)D) 4 Lo 1] p [ omopas, @)
p p )\042 Qg J1

where A = %, T =T(B).
From lemma 4.2, for any € > 0, we can take M; large enough such that

t

P e M=) p(1)2ds < S, for M > M, (4.16)
Qo 1 3
(i A €
(= M) (D) [pe 2D < phe 70 < oYM > My, (4.17)
and 210 |
1l e
—— < = 4.18
)\042 3 ( )
Combing with (4.16)-(4.18), we deduce that
/ [(u—M)y|pdr <e, for any t > tp,h € Xy, M > M. (4.19)
Q(u(t)>M)

Similarly, multiplying (1.1) by |(u+ M)_[P=2(u+ M)_, we deduce that there exists My > 0 such that

/ [(u+ M)_|Pdx <e, foranyt>tp,he X, M > M. (4.20)
@1 (u(t)<—M)
where
u+ M, < -M,
M - =
(u+ M) {Q w> —M.

Set M3 = max(M;, Ms), we get that

/ |(u(t)] — M) |2de < 2¢, for t > tp,he 5, (4.21)
21 (Ju(t)|>Ms)
and then

/ Ju(®)pdo
Q1 (lu(t)|22Ms)

-/ ((u(®)] = Ma) + Ma)rdo
021 (Ju(t)|>2Ms)

< zp—l/ (|lu(t)| — Ms de+/ MPdz
21 (Ju(t) | >2M5) 21 (Ju(®)] 22Ms)

<r | (utt) ~ s+ [ u(h)] ~ Myda
21 (Ju(t)|=2Ms) 1(u(t)>M3)

< 9PFle,

Therefore .
el cpp (uey)>20m5) < 2 FPe?.

By Theorem 2.3 and 3.4, we get the result. |
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