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Abstract The article is dedicated to the dynamics of a stochastic SIRS epidemic model, which
is obtained by introducing Gaussian white noise to the transmission coefficient of a deterministic
epidemic model with non-monotone and saturated incidence rate. The existence and uniqueness of
positive global solution is proved for the stochastic model. The threshold parameter R is estab-
lished, and under some acceptable conditions the disease will go to extinction if Rj < 1. However,
the stochastic system has a unique ergodic stationary distribution and the disease is persistent
if Rg > 1. We also analyze the asymptotic behavior of the stochastic model near the disease-free
equilibrium of the corresponding deterministic system. Numerical simulation is provided to support
our theoretical results.
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1 Introduction

Mathematical modeling has been considered as an important tool in the field of epidemiology and disease
control. Since the classical STR and SIS epidemic models established by Kermack and McKendrick in
1927, a great variety of epidemic models have been proposed and investigated [7,8,9,18]. For certain
infectious diseases such as influenza, STRS epidemic model is established in which recovered individuals
continuously lose immunity to circulating viruses and return to susceptible class [10,16].

During the evolution of infectious diseases, the incidence rate of epidemic model plays a quite impor-
tant role. In fact, the exact form of incidence rate is often difficult to obtain, because of the complex and
fast-changing real environment. The traditional incidence rate is bilinear of the form 551, which becomes
unrealistic when the number of the infective individual gets large. Hence various forms of nonlinear in-

cidence rate have been extensively used [1,6,12]. For instance, Liu et al. [11] studied the deterministic
BSf(I)

and stochastic STRS epidemic model with a nonlinear incidence F Capasso and Serio [2] proposed
a saturated incidence rate of the form 16_5 (f], where the infection function tends to a saturation level as

the number of the infective individuals increases. Recently, to explain the phenomenon that the infec-
tion function first reaches the maximum value, then decreases and finally tends to saturation for certain
infectious diseases, Lu et al. [13] adopted a generalized non-monotone and saturated incidence rate and
analyzed the following STRS epidemic model

ds(t) _ BS(H)I%(t)
TRl WD) +al2() T OR(t),
dI(t) BS(t)I%(t)

at 1+ EI(t) + al2(t) — (d+ p)I(1), (1)

%f) = pI(t) = (d+ ) R(t).

where S(t), I(t) and R(t) denote the numbers of the population that are susceptible, infectious and
removed, respectively. The parameter b is the recruitment rate of the population; d is the natural death
rate of the population; u denotes the natural recovery rate of infected members; § is the rate at which
recovered individuals lose immunity and return to the susceptible class; 8 denotes the disease transmission
rate; « is a parameter which measures the psychological or inhibitory effect; k is a parameter such that
14 kI +«al? >0 for all I > 0. In this paper, we further assume that all the parameters are positive.
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Furthermore, the transmission of infectious diseases is disturbed by various noises in the environment,
such as the unpredictable contact with infected ones, population mobility and meteorological factors
[15,17]. Therefore the parameters like birth rate, mortality rate, and transmission coefficient of the
deterministic model may oscillate due to environmental fluctuations in the real world. Motivated by the
approach in [3,10], we assume that the transmission coefficient 8 is subject to random environmental
perturbation, that is, 5 — 5+ 0&(t), where £(¢) is the Gaussian white noise with mean zero and variance
one. Hence, model (1) becomes

_ BS(t)I%(t) aS(t)I*(t)
d5(t)= {b_ds O =T 1al?() MR(”] U= w1 rar@ BW:

_ BS(t)I*(t) aS(t)I*(t) (2)
dr(t) = {1 TR FarzE AT (t)} W 0 a2

dR(t) = [pI(t) — (d + 6)R(t)] dt.

Note that &(t)dt = dB(t), where B(t) denotes the standard Brownian motion. We should mention that

the infection function % does not satisfy the conditions of (H1) and (H3) in [10].

Throughout this paper, let (2, F, {Fi}+>0, P) be a complete probability space with a filtration
{Fi}+>0 satisfying the usual conditions (i.e. it is increasing and right continuous while Fy contains all
P-null sets). B(t) denotes a scalar Brownian motion defined on the complete probability space §2. Also
let Ri = {x; >0, ¢ =1, 2, 3}. In general, consider the following d-dimensional stochastic differential

equation
k
dX(t) = f(X)dt + Y o (X)dB,(t), (3)
r=1

where f() is R%valued function, o,.(-) is d x m-matrix-valued function, and B,.(t), r = 1,...k, are
independent m-dimensional Brownian motions. Then the diffusion matrix is defined as follows

k

Az) = (aij(2)),  ay(2) =Y _op()ol(x).

r=1

Furthermore, the differential operator £ associated with equation (3) is defined by

d d 2V(x
LV (z) = Zfl(x) 8;/1(:96) + % Z aij(x)gx‘,/a(x?’
£ ; £ i0Tj

1,j=1

where V() is an arbitrary twice continuously differential real-valued function.

The rest of the paper is organized as follows. In Section 2, the existence and uniqueness of positive
solution is proved for system (2). In Section 3, we obtain the conditions for the extinction of the disease.
In Section 4, we analyze the asymptotic behavior of the solution of system (2) near the disease-free
equilibrium of the corresponding deterministic system. In Section 5, the sufficient conditions for the
existence of a stationary distribution is established. In Section 6, numerical simulations are conducted
to support our theoretical results. A brief conclusion is given in the last section.

2 Existence of Unique Positive Global Solution

In this section, by structuring Lyapunov function, we prove the existence of a unique global positive
solution for the stochastic system (2).

Theorem 1. For any initial value (S(0),1(0), R(0)) € R3, there exists a unique positive solution
(S(t),I(t), R(t)) of system (2) ont > 0 and the solution will remain in RS with probability one, i.e.
(S(t),I(t), R(t)) € R for allt > 0 almost surely (a.s.).
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Proof. Since the coefficients of system (2) are locally Lipschitz continuous, then for any initial value
(5(0),1(0), R(0)) € R there is a unique local solution (S(t),(t), R(t)) on t € [0,7.), where 7. is the
explosion time [14]. Now, let us show that this solution is global, i.e., 7. = oo a.s.. Let ng > 0 be
sufficiently large such that S(0), I(0) and R(0) lie within the interval {"LO’ no}. For each integer n > ny,
define the stopping-times

Tp = inf {t € [0,7) : min{S(¢), I(t), R(t)} < % or max{S(¢t), I(t), R(t)} > n} .

Set inf () = co () represents the empty set), and 7, is increasing as n — oo. Let 7o, = lim 7,, then
n—oo

Too < Te a.s.. The next task is to show 7o, = oo a.s.. If this statement is violated, then there exist a
constant T > 0 and € € (0,1) such that P{rc <T} > e. As a consequence, there exists an integer
ni1 > ng such that

P{r, <T}>e forall n>n;. (4)

Denote N(t) = S(t) + I(t) + R(t), then dN(t) = (b — dN(t))dt. Thus tlim N(t) < Ny as. for all
t € [0,7,], where Ny = max {N(0), g},
Define a C?-function V : R — Ry by
Vt)=V(S, I, R)=S-1-InS+I—-1—-InI+R—1—InR.

Since u — 1 — Inu > 0 for any u > 0, it is clear that V'(¢) is nonnegative.
Let n > ng and T > 0 be arbitrary. Applying It&’s formula to V(t), we obtain that

1 oSI? 1 oSI?

where

B 1 BSI? 1 BSI?
LV = (“s) (b‘ds‘mw +5R>+(1—1) <1+kI+aI —(d+ i

1 o214 025212
1— =) (I —(d+R
+< R) (I = d+0)R) + 5oy Y 30 L ki + al?)?
BI? o2 028212
—b+3d 5
O O T ol T2 M+ al®)? | 2014 Kl + al?)?
—dS—dl —dp- 2 _0F w551

S S R 1+kl+al?
B o o2 Ng

<b d b+ —+— =K.
Sh+3dtptot st o gt g
Substitute this inequality into (5), and we have
ol? oSIT
av(s,I <Kdt—(S—1) ————dB(t I-1)———dB(1).
(5,1, R) < ( )1+kl+al2 ) +( )1+k1+a12 ®)

Integrating both sides of the above inequality from 0 to 7,, A T and taking the expectation yield
EV(S(tn AT),I(th, AT), R(t, AT)) < V(5(0),1(0), R(0)) + KT. (6)
Set $2,, = {m, < T} for n > nq, and we have P(£2;) > € according to (4). Note that for every w € (2,,, there

is at least one of S(7,,w), I(7y,w), R(Tn,w) that equals to either n or L, then V (S(7), I(7n), R())
equals to either n or % Hence

V(S(rn AT), I(th, NT),R(tn, AT)) > (n—1—1nn) A (illni).
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Following from (6), we have

|4 (5(0)7 I(O)7 R(O)) +KT >FE [I.(Zn,(w)V(S(Tn)a I(Tn)a R(Tn))}

25<(n—1—lnn)/\<i—l—1ni)>’

where I, (. is the indicator function of £2,,. Taking n — oo yields that oo > V (5(0), 1(0), R(0))+ KT >
400, which is a contradiction. The conclusion is confirmed. O

Based on the above theorem, we present the following two lemmas for later use.

Lemma 2. ([13]) The plane S+ 1+ R = g is an invariant manifold of system (1), which is attracting
in the first octant.

Lemma 3. For any positive solution (S(t), I(t), R(t)) of system (2) with initial value (S(0), I(0), R(0)) €
Ri, we have

b
max {lim sup S(t), limsup I(t), limsup R(t) } < - a.s.
t—o0 t—o0 t—o00 d

Proof. Sum up the three equations in (2) and denote N(t) = S(¢t) 4+ I(t) + R(t), then we have

dN
— =b—dN.
dt

Combining with Lemma 2 implies that

lim (S(t) + I(t) + R(1)) = 2

t—o0 d’
then obviously we have
: b b b
limsup S(t) < =, limsupI(t) < -, limsupR(t) < = a.s..
t—00 d t—o00 d t—00 d
since S(t) > 0, I(t) > 0, R(t) > 0 a.s.. This completes the proof. O

3 Disease Extinction for System (2)

In this section, we will study the disease-free dynamics for the stochastic model (2). Denote

. pb o2b?
O kd(d+p)  2k2d2(d+ p)’

which can be seen as a threshold of the extinction (i.e., disease-free) or persistence (i.e., endemic) of
disease for the stochastic model. For the sake of simplicity, we denote the following two conditions:
. Bkd Bkd
(C].) RO<1andO'2§T, (02) 0'221113,)( T, m .
Theorem 4. Let (S(t),1(t), R(t)) be the solution of system (2) with any initial value (S(0),I(0), R(0)) €
R3 . If condition (C1) or (C2) holds, then the disease dies out with probability one. And the solution
(S(t),1(t), R(t)) of model (2) has the following property:
b
lim S(¢t) == a.s.,

t—o0 d
tli)r{.lo I(t)=0 a.s.,

lim R(t) =0 a.s.

t—o0
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Proof. Applying the Itd’s formula to In I(t) yields

BST 02821 oST
dInI(?) <1+kI+a12 (d+p) 2(1 + kI + al?)? Ut Ty a8
o SI AN 751
- [2 <1+k[+a[ B 02> Tz W di e B

ST oST
'_¢<1+kl+ozl2> W e P

where ¢ : R — R is defined by ¢(z) = —"22962 + Bz — (d+ p).
Integrate both sides of the above equation from 0 to ¢, and we get

B ¢ S(r)I(r) ¢ aS(r)I(r)
1HI(t)—lnI(0)+/0 ¢ (1 + EI(r)+ oJQ(r)>dr+/0 1+ kI(r)+ aIQ(T)dB(T)' @

Set G(t) = Ot %dB(T), then by the strong law of large numbers for martingales [14], we have

hm@ans

t—o0

If the condition (C2) holds, then we get

ST o2 ST B\? p? 32
7 )= (2 7 =z <2 .
¢<1—|—ld+a12> 2 <1+k1+al2 02) togz Tt H S 55 —(dtp)

According to (7), we have

InI(t) InI(0) 1 [*[/ j3? G(t)
t S f +¥/O (W—(d+u))dr+t.

Taking the limit superior of both sides of (7), we can obtain

In I(t 2
lim sup = ()Sﬁ——(d+u)<0 a.s..
t— o0 t 202

which implies 75lim I(t)=0a.s..
— 00
Now we consider the condition (C1). In this case,

ST o2 ST B\° B2
¢<1+k1+al2>2<1+kl+al202) oz T dHH)

2
<_O—2(b_ﬁ) _;’_ﬁ_(d_’_’u)

2 \kd o2 202
Bb  o?b?
~hd 2 At

5b o2b?
= (d+p) (kd(dJr,u) PR (d+p) 1)
= (d+ p)(Rg —1).

From (7), we have

lnjt'(t) < In _2(0)

+(d+p)(Ry—1) + %G(t).
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According to condition (C'1), one can get

InTl
lim sup nI(t)

t—o0 t

<(d+p)(Ry—1) <0 a.s..

which implies 75lim I(t)=0a.s..
bde el
Without loss of generality, let 2 = {w € 2 : tlim I(t) = 0}, then we have P(£2) = 1. Hence, for any
—00

w € 2 and any sufficiently small constant 1 > 0, there exists T'(w,e1) > 0 such that I(w,t) < &; for all
t>1T.
Then from the third equation of model (2), we have

dR(w,t) < [uer — (d + 0)R(w,t)]dt, forallwe 2, t>T.
By the comparison theorem, it follows that

3
limsup R(w,t) < s

0.
m s Sits forallw e

Note that R(w,t) > 0 for almost all w € 2 and t > 0, and let £; — 0, then we have

lim R(w,t) =0, w €2
t—o00

Recall that P(2) = 1. Therefore, tlim R(t) =0a.s..
—00
)

< e for all t > T and w € §2, then by the first equation of system (2), we have

ds(t) BI? ol? :
el SV SO) N
2b (d+1—|—kl—|—0¢12+1+k[+o¢IQ|B(t) S

Since I (w,t

dt
[351 g¢€1 ,
>b—|d+—+—|B()]]S. (8)
k k
As g1 — 0, taking the inferior limit of both sides of (8) yields
liminf S(t) > b 9
im in ()*E a.s.. (9)
By the proof of Lemma 3, we have
b
limsup S(t) < =  a.s.. (10)
t—o00 d
From (9) and (10), we have
lim S(t) = b
Jim (t) = 5 a5
The proof is finished. O

4 Asymptotic Behavior around the Disease-Free Equilibrium

In this section, we study the asymptotic behavior of the stochastic system (2) near the disease-free
equilibrium FEy of deterministic system (1), by estimating the distance between the stochastic solution
and the disease-free equilibrium in the sense of time mean.

Theorem 5. Let (S(t),1(t), R(t)) be the solution of system (2) with any initial value (S(0),1(0), R(0)) €
R3. If% <1, da® > 202, and My > 0, then
1 t
limsup - F

t—o00 0

2
%d (sm - Z) + d%”ﬂ(r) b MUR2(r) | dt < M.

Copyright © 2020 Isaac Scientific Publishing JAAM



84 Journal of Advances in Applied Mathematics, Vol. 5, No. 2, April 2020

where

o%(2d + p1)*b? d*(d + ) ~ (2d+ )62 3 a?62(2d + p)?

T 2(d+p)da?—202) 1T T 8 dld+p)  2d(d+ p)(da? — 202)

Proof. Define the following C? functions

Vi(S) = 5(5 - 0P Wall)= U1 V(s = S(s - Y07 vim) =T

Applying Ité’s formula to V;(S), we have

b BSI? 025214
L= [(S_ d) (b_ds_ 1+ kI 4 al? +5R> oA kIt al?)y dt

b oSI?
a (S_ d) Tkl a2 Bl

where

B b BSI 025214
= (Sd) <bds 1+ kI +al? ”R) ATkt a2

By computation,
b\ > b BSI? b 028214
= d(s-=) - (s—=-) — 4582
Lv; <S d> (S d) 11kl ol <S d> R i kol

2 2 2 2
o afg b B (g b\ BT (g b
d 14+ kI 4+ al? d d(1 + kI + al?) d

b 028214
0 (S_ d) R+ 2(1 + kI + al?)?

b\ > BbI> b\ 62, d b\> o252
< — _ = == @ _ = — = _ Z
= d<S d) d(1 + kI + aI?) (S d>+2dR T3 (S d) o
d o2 b\’ BbI2 b\ 62, o2
< (=== )(8-2) ——— (S —= )+ — 11
- (2 a2>(s d) d(l—i—k[—i—ap)(s d>+2dR +d2a2’ (11)

where in the above inequality, we have used the inequality 2ab < a? + b2, (a + b)? < 2a% + 2b? for any
a, b € R. Similarly, we have

YN
L= <W—<d+“>f)
B BbI? b B2 b(d+ )l
~d(1+ kI + al?) d d2(1 + kI + al?) d
BbI? g D), BT bdtpI
= d(1+ kI + al?) d) " dk d
2
_ BbI g b, bldtp B\,
d(1+ kI + al?) d d dk(d + p)
BbI? b
Sditkitary \° " d) (12)
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and

d

2
—d(S—Z) +6(S—Z)R—(2d+u)(S—Z)I+5RI—(d+u)12
3d  (2d+ p)? b\° d+p ., (6% 52 )
< | ——= _ Z _ _
—{ PRETr G DT ta) (13)

and here in the above inequality, we have used the inequality 2ab < a? + b? for any a, b € R, and the
2
Young inequality —(2d 4 p) (S — 2) I < HT‘LP + @dtw) (S- 2)2.

LV; = <S—b+I) (b—dS +0R — (d+ p)I)

2(d+p)
Since LV = uIR — (d + 0)R?, then we have
d(d d(d d(d d+9
(1) oy _ dld+p) p dld+p)(d+6)
m 4 i
2
< d+M12+ d (d+/~L)R2 _ d(d+ﬂ)(d+5)R2
8 8 Ap
d+p,  d(d+p) o
< I — . 14
< — T (14)
By (11) and (12), we have
d o? b 52 2 o2b?
<—(=-% — = .
LV1 + LV, < (2 a2> (S d) + 2dR ool (15)
Consider a positive definite C? function V : R3 — R as follows
(2d + p)* d(p+d)
V=Vs+ Vi+Ve)+ —FVy,
ara-m T
then by (13)-(15), we can compute
2 2
LV = LVs + ( d+ff) ~ (L1 +£%)+MLV4
2Ap+d) (§ - %) i
S By b o (d*d+p)  BPQd+p)  a20%(2d+ p)’ 72
- 4 d 8u dip+d)  2d(p+ d)(do? —202)
Cdtp o’b®(2d + p)?
8 d?(pn+ d)(da? — 202)
3d b\° d+p )
= (s-2) ey M.
4 (S d) 8 1+
Integrating the above inequality and taking expectation yield
d+
EV(t)-V(0) < ——E/ ( —d> dr ——“E/ I*(r)dr— MlE/ R%(r)dr+ Mt.

Hence,

t—o00 t M1

t 2
hmsuplE/ {T(S(@“) +‘”8F‘12(r)+M1R2(7~)}dr§M.
0

O

Theorem 5 shows that the solution of system (2) oscillates around the disease-free equilibrium of
system (1), and the magnitude of the oscillation is proportional to the intensity of white noise. From
the perspective of biology, if the intensity of random disturbance is small enough, the disease will be
controlled in a small range under certain conditions.
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5 Stationary Distribution

In this section, we will try to establish sufficient condition for the existence of stationary distribution for
system (2). We first present the following lemma.

Lemma 6. ([/]) The Markov process X(t), the solution of system (3), has a unique ergodic stationary
distribution 7(-), if there exists a bounded domain D C R' with regular boundary I" and

(i) there is a positive number M such that E” 1 0i(2)&& > M €, z € D, € € R,
(ii) there exists a nonnegative C%-function V such that LV is negative for any R'\D. Then

{Tlggo/ f(x . f(m)u(dx)} =1,

for all x € RY, where f(-) is a function integrable with respect to the measure T.

Theorem 7. If R§ > 1, then for any positive initial value (S(0),1(0), R(0)) € I', system (2) admits a
unique stationary distribution IT and the ergodicity holds, where I' = {x € (0, b/d)? | 0 < 21 + 29 + 23
<b/d} CRE.

Proof. We only need to validate the conditions (i) and (zz) in Lemma 6. Now we shall prove that the

conditions (¢) holds. Let D = {x er| a% < T1, T2 < - L L <o < 2 — a% and ap < ag}, where

[e5] ’ 0/2
a1, ao are sufficiently large positive constants to be chosen in the follovvlng. The diffusion matrix of

system (2) is given by
1 -10
12 2
~(5trrar) |10
+ Kkl + « 0 00
We have

aSI? ? oSI? ’
SLR=\—77—"73) 2 i 14+ kI +al? =
a11(5, I, R) <1+k1+a12) _(571,1%1é%cﬂ§1{(1+k1+a]2) Z A

where A is a positive constant. Then the conditions (7) in Lemma 6 is satisfied.
Secondly, we verify the conditions (ii). Define the a C? function as follows

V(S,1,R) = Vi(S, 1) + Vo(I) + V3(R),

where

1 1 b 1
‘/I(S?I) = §+§I_9 (d_s)v ‘/é(]) = 51_97 VE’)(R) :R—1DR+p7

and 6 is a positive constant to be chosen later and p > 0 is so large that V3(R) > 0 for all R > 0. By the
It6’s formula, we obtain

1 BSI2 21"
(=Ll (hogs - P
h ( 529 )( STk el R)+(1+kl+al2)25
ot (b BT (0 + 1)o2S2IAT0-2 [}
(2o N T Z_
(d S) <1+kI+aI2 (d+“))+ S+ kl+al? \d
_ 0'25214 —0—1
(1 + kI + al?)?

< rars SR 0o) o (s

=10 ok2d | \d 52 Thd 122 ) ko

d (0 +1)02b%] (b o b 1(, b o%\? BbI'0
o Y T e LA AN~} ) S Y . 1
—[ e i 252 " \“Tka T iEE) T rao (16)
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Similarly, we can compute that

e S (6 + 1)o2S2[4 02
LVe=—1 <1+k1+a12 (d+“)1)+ 5(1+ kI 1 al?)?

=7 d+“‘£2+5<kd 1+kf{|—a12> 2((191120ji21[22)2]
S ffﬁﬁ(kd 1+kfia12>+(9;rk12)clajb2}
< o) S -5 ()£ ()
and
51/3(1;) (ulf(d+5)R)§f%+d+5+uI§f%+d+5+%b. (18)

Here the above inequality is derived by applying the elementary inequalities 2ab < a® + b, (a + b)?
2a? + 2b? for any a, b € R. Now we choose  sufficiently small such that

d B (041) 022
—Z4d 2
gHdtut ot <0,

b Go%b?
o =)+ <0
¢ (kd) T oz <Y
where the second inequality is well-defined due to the condition R§ > 1. Therefore, combining (16)-(18)
leads to

d B (B+1)022] (b I b\ 00227 Bl
< |2 4 LA A SN S By
LVs|—grdtp+p+——mge(lg—° + \%d) T 2| T Thas

and

u[ b
0 2 19
R 257 % (19)
where ¢ is some positive constant.

It is obvious to see from (19) that there exists a big enough number a; > 0, such that

1 1
LV < -1, forall S < —orl < —.
a1 o
It remains to consider the case where S > -, I > — o and R < a% Since I > -, we get

n
LV < ——— .
= a1R+6

This shows that there exists a sufficiently large as > a3 > 0, such that

1 1
LV < -1, forallS>— I>—and R< —.

g (&)

Altogether, we have shown that £V < —1 for all # € D. So the condition (ii) of Lemma 6 is met.
This completes the proof. O

6 Numerical Simulations

In order to illustrate our theoretical results, we will give some examples of numerical simulation in this
section. To begin with, following Milstein’s higher order method in [5], we obtain the corresponding
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Figure 1. The solution of the stochastic system (2). (a) o = 0.1. (b) ¢ = 0.71.

discrete equations of the stochastic system (2) as follows

ﬂSZIQ GSiI-in\/At 0'2511-2(5-2—1)At
. . =S. —_ P s ) At— (2 _ 2 A>T
St S*(" i a2 TO) AT ral? T 204k, +al?)

ﬂSZIQ O’Silzfi\/ At 025212(62 — 1)At
Liv=1; —— _—(d I;) At ) (AT 7
i +(1—|—k],-+odi2 (d+n) Tk 1ol T 21k 1 al?)

Ripi=R; + (ul; — (d + 6) ;) At,

where the time increment At > 0, and &;, i = 1,2, 3, ..., n are independent Gaussian random variables in
N(0,1). Here we choose the initial value (S(0), I(0), R(0)) = (20, 8, 5).

Example 1. Choose the value of parameters b=1, d =0.2, =04, k=5, «a =05, § =04, u=
0.2. To display the effect of noise intensity, we chose two different values of o as 0.1 (see Fig. 1 (a)) and
0.71 (see Fig. 1 (b)). In theses two cases, the condition of theorem 4 is satisfied, and the disease will die
out with probability one. We can also find that when the intensity of white noise increases, the disease
will disappear more rapidly.

Example 2. Choose the value of parametersb =1, d =0.3, =04, k=5, «a =0.8, § =0.001, u =
0.01. The solution of deterministic system (1) tends to Ey (see Fig. 2(a)). We chose one noise value of
o as 0.3 (see Fig. 2(b)). According to Theorem 5, all the positive solutions of system (2) will fluctuate
around the solution of system (1).

Example 3. Choose the value of parameters b = 0.9, d = 0.1, 8 =06, k =2, a = 0.1, § =
0.01, p = 0.08, and the noise intensity ¢ = 0.4. Numerical simulation of the solutions is shown in Fig. 3,
in which we can see that the solution of the stochastic system vibrates around the endemic equilibrium
and the disease is persistent. According to Theorem 7, in this case the stochastic system (2) has a unique
stationary distribution. The histograms of S(t), I(t), R(t) are displayed in Fig. 4, which clearly support
the result.

7 Conclusion

In this paper, we study a SDE version of a SIRS epidemic model with non-monotone and saturated
incidence rate. Since most systems in the real world are perturbed with random factors, we introduce
white noise to the transmission coefficient of the model. The existence and uniqueness of the global
positive solution of the stochastic SIRS epidemic model is proved. Then the sufficient condition for
the disease to disappear with probability 1 is obtained, and the dynamic behavior of the stochastic
system near the disease-free equilibrium is analyzed. From the viewpoint of biology, it means that when
the disturbance intensity of white noise is small enough, the disease will be controlled in a small range.
Moreover, the stochastic system has a unique ergodic stationary distribution and the disease is persistent
if the threshold number R{ > 1. Finally, we use numerical simulations to illustrate our theoretical results.
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Figure 2. (a) The solution of the deterministic system (1). (b) The solutions of the stochastic system (2), where
o=0.3.
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Figure 3. (a) The solution of the deterministic system (1). (b) The solution of the stochastic system (2), where
o =0.4.
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Figure 4. The histograms of the solution (S(t), I(t), R(t)) of the stochastic system (2) with the environmental
white noise intensity o1 = 0.4.
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Some interesting topics deserve further consideration. Due to the square term in the saturated in-

cidence function, the reproduction number is difficult to derive for the deterministic STRS epidemic
model, and several bifurcation phenomena have been investigated in [13]. It is interesting to study the
bifurcation for the stochastic model in the future research.
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